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Abstract
In our current article, we establish four new types of group for the optical soliton solutions 
to the three dimensional modified Zakharov–Kuznetsov equation’s new model. Four dis-
tinct and impressive techniques are used for this target, which are the extended simple 
equation method (ESEM), the extended direct algebraic method (EDAM), the 

(

G
′

G

)

—
expansion method and the Paul-Painleve approach method (PPAM). The four suggested 
techniques are discovered recently to derive the exact solutions for many other NLPDE that 
arising in various branches of science and usually give good results. These techniques have 
been used for the first time to extract the soliton solutions of this model. The four employed 
methods are applied serially and in the same time. Our solutions weren’t achieved previ-
ously via any other authors who applied any other methods.
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1  Introduction

The Zakharov–Kuznetsov equation is considered one of important models in plasma phys-
ics that definitely describes propagating of nonlinear ion acoustic waves in magnetized 
plasma that contains hot electrons at constant temperature and cold ions waves in terms of 
their waves amplitudes. Specially, we will discuss the accurate case in which the electrons 
are not isothermal that generates various visions to this model namely the ZKE, the MZKE 
and the generalized ZKE.

In the last few decades many authors studied various forms of the suggested equation 
see for example Munro and Parkes (1999) who discussed the MZKE via Rowlands Infield 
method and investigated the stability of the achieved solutions, Sobhanian et  al. (2003) 
who derived various forms of ZK taking in consideration that the electrons are not isother-
mal, Ahmad and Masood (2015) who discussed the nonlinear propagation of drift acoustic 
wave, studied the behavior of non-uniform magnetism of plasma mediea and obtained the 
solution of the modified Zakharov equation via the method of hyperbolic tangent, Naher 
et al. (2012) who used the developed 

(

G′

G

)

-expansion method to construct the new traveling 
wave solutions to the (2 + 1)-dimensional modified Zakharof equation, Eslami et al. (2014) 
who applied the homogeneous balance technique to extract the traveling wave solutions of 
MZKE, Yu et  al. (2016) who extracted the exact solutions to the initial and generalized 
forms of ZKE, the MZKE, Zhou (2016) who discussed the nonlinear dynamic to the 
MZKE in the presence of external force and achieved the soliton behavior the electrical 
transmission using the Riccati mapping technique, Seadawy (2016a) who studied the 
(2 + 1)-dimensional MZKE and found the traveling wave solution forms to the electrostatic 
field potential and electric field and Park et al. (2020a) who studied numerically the dimen-
sionless MZKE using (Cubic & Quantic & Septic) B–spline techniques to establish the 
accuracy of the calculated computational solutions.

The three dimensions MZKE (Munro and Parkes 1999; Sobhanian et al. 2003; Ahmad 
and Masood 2015; Naher et al. 2012; Eslami et al. 2014) is:

Now, if Eq. (1) is submissioned to Υ(x, t) = R(� ), � = x + y − Ct it becomes

The homogeneous balance for R′′,R2 that appear in Eq. (2) implies M = 2.

The main goal of our work is constructing new type of the exact solutions to Eq. (2) the 
four distinct methods mentioned above that were examined before for other nonlinear prob-
lems that arising in applied mathematics and physical science and usually achieve accurate 
results. The first employed one is the ESEM (Bekir and Zahran 2020) the second one is the 
EDAM (Seadawy 2016b), the third one is the 

(

G′

G

)

 -expansion method (Bekir et al. 2021) 
and the fourth one is the PPAM (Kudryashov 2019; Bekir and Zahran 2021). Various stud-
ies to the solutions of the NLPDE in different branches of science have been documented 
in Bekir et  al. (2021), Hosseini et  al. (2020), Biswas et  al. (2010) and Bhrawy (2014), 
Moreover, there are new techniques to extract the soliton solutions for similar models see 
for example, Iqbal et  al. (2018a) who used extended auxiliary equation mapping and 
extended direct algebraic methods, to obtain the exact traveling and solitary wave solutions 
which represent the electrostatic potential to the modified Kortewege–de Vries equation, 

(1)Υt + ΥxΥ
2 + Υxxx + Υxyy = 0.

(2)b(�3 + ��2)R�� +
a�

2
R2 − CR = 0.
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Lu et al. (2018) who applied the modification form of extended auxiliary equation mapping 
method to obtain the new exact traveling and solitary wave solutions for the coupled 
Whitham–Broer–Kaup, (2 + 1)-dimensional Broer–Kaup–Kupershmit and 
Drinfel’d–Sokolow–Wilson equations, Iqbal et  al. (2018b) who used the extend form of 
two methods, auxiliary equation mapping and direct algebraic methods to obtain the fami-
lies of dust and ion solitary wave solutions that represent the electrostatic potential and 
pressure for the one-dimensional nonlinear fmKdV, Seadawy et al. (2019a) who used the 
extended form of two methods, auxiliary equation mapping and direct algebraic methods to 
derive the new exact travelling solutions in the form of trigonometric functions, hyperbolic 
functions, periodic solitary waves, bright and dark solitons, kink solutions for the system of 
equations for the ion sound and Langmuir waves, Iqbal et  al. (2019a) who used the 
extended form of two methods, auxiliary equation mapping and direct algebraic method to 
derive the new exact and solitary wave solutions in the form of trigonometric function, 
periodic solitary wave, rational function, and elliptic function, hyperbolic function, bright 
and dark solitons solutions for the one-dimensional nonlinear longitudinal wave equation 
in a magneto-electro-elastic circular rod, Seadawy et  al. (2019b) who constructed the 
bright–dark solitons and traveling wave solutions to the generalized Kadomtsev–Petviash-
vili equation by using the modification form of extended auxiliary equation mapping 
method, Seadawy et al. (2020a) who applied the modification form of extended auxiliary 
equation mapping method to obtain the solitary wave solutions in different form of soli-
tons: the single bright–dark solitons, the double bright–dark solitons and traveling wave 
solutions to the generalized Kadomtsive–Petviashvili modified equal width-Burgers equa-
tion, Iqbal et al. (2019b) who found the solitary wave solutions for the (2 + 1)-dimensional 
Zakharov–Kuznetsov equation, generalized Zakharov–Kuznetsov equation and generalized 
form of modified (ZK)-equation by using the modified mathematical method, obtained the 
bright–dark solitons, traveling wave and solitary wave solutions, Seadawy et  al. (2020b) 
who formulated the exact traveling and solitary wave solutions of nonlinear diffusion reac-
tion equation with quadratic and cubic nonlinearities by using modified mathematical 
method, obtained new exact traveling and solitary wave solutions in the form of dark soli-
tons, bright solitons, combined dark-bright solitons, traveling wave and periodic wave solu-
tions, Iqbal et al. (2020) who constructed new types of the soliton solutions: rational, trigo-
nometric, hyperbolic, elliptic functions including dark, bright, singular, combined, optical 
solitons, kink wave, anti-kink wave, periodic wave, travelling wave for the (2 + 1)-dim non-
linear Nizhnik–Novikov–Vesselov equation by using the extended modified rational expan-
sion method, Seadawy et al. (2020c) who formulated nonlinear model for the damped mod-
ified Korteweg–de Vries equation arising in ion-acoustic wave in an un-magnetized 
collisional dusty plasma by applying reductive perturbation technique, constructed a new 
solitary wave solutions that have the shape of kink wave solitons, antikink wave solitons, 
half dark–bright solitons, traveling wave, solitary wave and periodic wave by implementing 
a two techniques on dust ion-acoustic solitary wave nonlinear damped mKdV equation, 
Seadawy et al. (2019c) who constructed the exact travelling and solitary wave solutions of 
the Kudryashov–Sinelshchikov equation by implementing the modified mathematical 
method, obtained new solutions in the shape of hyperbolic, trigonometric, elliptic func-
tions including dark, bright, singular, combined kink wave solitons, travelling wave, soli-
tary wave and periodic wave, Iqbal and Seadawy (2020) who constructed the exact trave-
ling and soliton solutions for unstable nonlinear Schrödinger equation by a modified 
mathematical method, demonstrated soliton solutions that are represented in bright-dark 
solitons, periodic solitary wave, and traveling waves and Seadawy et al. (2021) who con-
structed the new solitary wave solutions for the nonlinear three-dim modified 
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Kortewege–de Vries Zakharov–Kuznetsov and extended Zakharov–Kuznetsov equationsa 
by using the modified rational expansion method, obtained new results as solitary waves, 
periodic waves, traveling waves, kink-antikink solitons, dark-bright solitons.

Furthermore, there are other recent studies for the traveling wave solutions of such equa-
tions have been established via some authors see for example, Ali et al. (2021) who used the 
generalized exponential rational function method to extract abundantly distinct and exact 
solutions including non-topological solutions, periodic singular solutions, topological solu-
tions, singular solutions, like periodic lump solutions for the strain wave equation in micro-
structured solids that takes an important place in solid physics is presented for consideration, 
Ismael et al. (2022a) who used a symbolic computational method to create the Lump solutions 
and periodic lump waves, the simplified Hirota’s method and a long-wave method to create 
single-, double- and triple-M-lump waves to the (2 + 1)-dimensional Korteweg–de Vries equa-
tion with the exten-sion of time-dependent coefficients, Kirci et al. (2021) who used the modi-
fied exponential function method to ultimately new hyperbolic, trigonometric and rational 
forms of the exact solutions for the Lonngren-wave equation and tested whether these forms 
satisfy this equation or not, Ismael et al. 2022b) who used the (m + 1/G′)-expansion method 
and the Adomian decomposition method to study the 3D potential Yu–Toda–Sasa–Fukuyama 
(3D-pYTSF) equation which has a good application in the two-layer liquid medium, estab-
lished novel exact wave solutions and the numerical solutions for the 3D- pYTSF equation, 
respectively and Ismael and Bulut (2021) who used the simple Hirota’s method study the 
(2 + 1)-dimensional Sawad–Kotera equation, obtained the features of multi soliton solutions, 
M-lump waves, the mixed 1-M-lump with one-soliton and two-soliton solutions.

In same connection, there are related articles in this field see for example Akbar et  al. 
(2022) who used the generalized Kudryashov method to extract stable, generic, and wide-
ranging soliton solutions, comprising hyperbolic, exponential, trigonometric, and some other 
functions, and retrieved diverse known soliton structures by balancing the effects of nonline-
arity and dispersion to the perturbed nonlinear Schrodinger equation, Osman et  al. (2020) 
who extracted new and further exact soliton solutions in the form dark, bright, combined 
bright-dark, combined dark-singular, periodic, periodic singular, and elliptic wave solutions 
to the (2 + 1)-dimensional Heisenberg ferromagnetic spin chain equation via the new 
extended FAN sub-equation method, Park et al. (2020b) who realized various solitons and 
solutions of the class of fifth-order Korteweg–de Vries equations by devising suitable novel 
hyperbolic and exponential ansatze, Nisar et al. (2021) who obtained the analytic solutions 
for the (3 + 1)-dimensional generalized shallow water-like equation, the (3 + 1)-dimensional 
Boiti–Leon–Manna–Pempinelli (BLMP) equation, (3 + 1)-dimensional generalized variable-
coefficient B-type Kadomtsev–Petviashvili (VC B-type KP) equation and the (2 + 1)-dimen-
sional Caudrey–Dodd–Gibbon–Kotera–Sawada equation by using the multiple Exp-function 
method. We consider the stated method, Ali et  al. (2020) who solved the general form of 
nonlinear fractional order integro-differential equations (GNFIDEs) with linear functional 
arguments using Chebyshev series that is presented as a general form to produce delay, pro-
portional delay, and advanced non-linear arbitrary order Fredholm–Volterra integro-differen-
tial equations and extended the spectral collocation method to study this problem as a matrix 
discretization scheme, where the fractional derivatives are characterized in the Caputo sense, 
Siddique et al. (2021) who obtained the exact traveling solutions of the M-fractional general-
ized reaction Duffing model and density dependent M-fractional diffusion reaction equation 
by using three fertile, (G′/G, 1/G), modified 

(

G′

G2

)

 and 
(

1

G′

)

 expansion methods, Saliou et al. 
(2021) who employed the Modified Sardar Sub-Equation Method to extract solitons such as 
W-shape bright, dark solitons, trigonometric function solutions and singular function 
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solutions to the (3 + 1)-dimensional nonlinear extended quantum Zakharov–Kuznetsov 
(NLEQZK) equation and the (3 + 1)-dimensional nonlinear modified Zakharov–Kuznetsov 
(NLmZK) equation, respectively, Arafat et al. (2023) who investigated scores of broad-spec-
tral soliton solutions to the two-dimensional nonlinear complex coupled Maccari system via 
the auxiliary equation technique, obtained solutions that are established as an integration of 
the rational function, hyperbolic function, trigonometric function and exponential function. 
Akbar et al. (2023) who executed the (G′/G)-expansion technique to extract diverse soliton 
solutions for the (1 + 1)-dimensional Camassa–Holm and Landau–Ginzburg–Higgs equations 
in suitable forms arrayed to trigonometric, rational, and hyperbolic functions.

2 � The ESEM

To investigate this technique, let us introduce firstly the formlism to any NLPDE to be

where V  in terms the succssive partial differentiotion to R(x, y, t), when Eq. (3) substentions 
to the transformation R(x, y, t) = R(� ), � = x + y − Ct, it will be changed to the following 
ODE

where Z is a function in the total derivatives of R(� ).
The ESEM proposes the solution of Eq. (4) to be

where �(� ) can be determined from

where Ai denotes for constants to be calculated later, while M is integer that will be deter-
mined by the balance rule and a0, a1, a2 and a3 other arbitrary constants for which the fol-
lowing forms of solutions will be generated

(1)	 When a1 = a3 = 0, then Eq. (6) represents the Riccati equation that processes the fol-
lowing forms of solutions

(2)	 When a0 = a3 = 0, then Eq. (6) represents the Bernoulli equation that has the following 
solutions

(3)V(R,Rx,Ry,Rt,Rxx,Ryy,Rtt, ...) = 0.

(4)Z(R,R��,R���, ...) = 0.

(5)R(� ) =

M
∑

i=−M

Ai �
i(� ).

(6)��(� ) = a0 + a1� + a2�
2 + +a3�

3.

(7)𝜙(𝜁 ) =

√

a0a2

a2
tan(

√

a0a2(𝜁 + 𝜁0), a0a2 ≻ 0.

(8)𝜙(𝜁 ) =

√

−a0a2

a2
tanh

�

√

−a0a2𝜁 −
𝜌1 ln 𝜁0

2

�

, a0a2 ≺ 0, 𝜁 ≻ 0, 𝜌1 = ±1.
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Furthermore, Eq. (4) has the following general forms of solutions

where �0 is the constant of integration?
Let us implement this method to Eq. (2) for which the homogeneous implies that M = 2, 

thus the solution is:

where �� = a0 + a1� + a2�
2 + a3�

3.

(I)	 If a1 = a3 = 0 ⇒ �� = a0 + a2�
2, that implies the first family for which the following 

relations will be detected

By inserting the relations (13)–(15) into Eq.  (2), collecting the coefficients of different 
powers of �i and equating them by zero, we get a system of equation from which the following 
results will be emerged

(9)𝜙(𝜁 ) =
a1 Exp[a1(𝜁 + 𝜁0)]

1 − a2Exp[a1(𝜁 + 𝜁0)]
, a1 ≻ 0.

(10)𝜙(𝜁 ) =
−a1 Exp[a1(𝜁 + 𝜁0)]

1 + a2Exp[a1(𝜁 + 𝜁0)]
, a1 ≺ 0.

(11)

𝜙(𝜁 ) = −
1

a2

⎛

⎜

⎜

⎜

⎝

a1 −

�

4a1a2 − a2
1
tan

⎛

⎜

⎜

⎜

⎝

�

4a1a2 − a2
1

2
(𝜁 + 𝜁0)

⎞

⎟

⎟

⎟

⎠

⎞

⎟

⎟

⎟

⎠

, 4a1a2 ≻ a2
1
, a2 ≻ 0.

(12)

𝜙(𝜁 ) =
1

a2

⎛

⎜

⎜

⎜

⎝

a1 +

�

4a1a2 − a2
1
tanh

⎛

⎜

⎜

⎜

⎝

�

4a1a2 − a2
1

2
(𝜁 + 𝜁0)

⎞

⎟

⎟

⎟

⎠

⎞

⎟

⎟

⎟

⎠

, 4a1a2 ≻ a2
1
, a2 ≺ 0.

(13)R(� ) =
A−2

�2
+

A−1

�
+ A0 + A1� + A2�

2.

(14)R� =
−2a0A−2

�3
−

a0A−1

�2
−

2a2A−2

�
+ (A1a0 − a2A−1) + 2A2a0� + A1a2�

2 + 2a2A2�
3.

(15)
R�� =

6a2
0
A−2

�4
+

2a2
0
A−1

�3
+

8a0a2A−2

�2
+

2a0a2A−1

�
+ 2(A2a

2

0
+ A−2a

2

2
)

2a0a2A1� + +8a0a2A2�
2 + 2a2

2
A1�

3 + 6a2
2
A2�

4.

(1) C = −4b�(�2 + �2)a0a2,A0 =
−12b(�2 + �2)a0a2

a
,A−2 =

−12b(�2 + �2)a2
0

a
,A1 = A−1 = A2 = 0.

(2) C = 4b�(�2 + �2)a0a2,A0 =
−4b(�2 + �2)a0a2

a
,A−2 =

−12b(�2 + �2)a2
0

a
,A1 = A−1 = A2 = 0.
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Now, let us demonstrate the solutions that correspond to only two results of them say 
the first and the six results.

(1)	 The first result that can be simplified to become

From which either a0 = a2 = 0.7 or a0 = a2 = −0.7 at the same time, thus the solution 
according to these values is powers of R(� ) = A−2

�2
+

A−1

�
+ A0 + A1� + A2�

2, where

(B)	 The sixth result that can be simplified to become

From which either a0 = 0.7, a2 = −1.1 or a0 = −0.7, a2 = 1.1 at the same time, thus 
the solution according to these values is R(� ) = A−2

�2
+

A−1

�
+ A0 + A1� + A2�

2, where

(3) C = −4b�(�2 + �2)a0a2,A0 =
−12b(�2 + �2)a0a2

a
,A2 =

−12b(�2 + �2)a2
2

a
,A1 = A−1 = A−2 = 0.

(4) C = 4b�(�2 + �2)a0a2,A0 =
−24b(�2 + �2)a0a2

a
,A2 =

−12b(�2 + �2)a2
2

a
,A1 = A−1 = 0.

(5) C = −16b�(�2 + �2)a0a2,A0 =
−12b(�2 + �2)a0a2

a
,A2

=
−12b(�2 + �2)a2

2

a
,A−2 =

−12b(�2 + �2)a2
0

a
,A1 = A−1 = 0.

(16)
(6) C = 16b�(�2 + �2)a0a2,A0 =

8b(�2 + �2)a0a2

a
,A2 =

−12b(�2 + �2)a2
2

a
,

A−2 =
−12b(�2 + �2)a2

0

a
,A1 = A−1 = 0.

(17)
C = −4, A0 = A−2 = 1, a2

0
= a2

2
= 0.5,

a = −12, C = −4, A1 = A−1 = A2 = 0.

𝜙(𝜁 ) =

√

a0a2

a2
tan(

√

a0a2(𝜁 + 𝜁0), a0a2 ≻ 0.

(18)�(� ) = tan[0.7(� + �0)].

(19)R(� ) = 1 + cot2[0.7(� + �0)].

(20)C = −24, A−2 = A0 = A2 = 1, A1 = A−1 = 0, a0 = ±0.7, a2 = ±1.1.
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	 (II)	 If a0 = a3 = 0 ⇒ �� = a1� + a2�
2 , that implies the second family for which the 

following relations will be detected

By inserting the relations (13) and (23–24) into Eq. (2), implementing the equivalence for 
various powers of �i and by solving the emerged system we get

Let us only implement the corresponding solution for the first result that can be simpli-
fied to be

The solution is R(� ) = A−2

�2
+

A−1

�
+ A0 + A1� + A2�

2, where � can be determined from

By the same vision we can design the soltion solution of the other result.

3 � The EDAM

The solution of Eq. (4) according to this method is:

𝜙(𝜁 ) =

√

−a0a2

a2
tanh

�

√

−a0a2𝜁 −
𝜌1 ln 𝜁0

2

�

, a0a2 ≺ 0, 𝜁 ≻ 0, 𝜌1 = ±1.

(21)�(� ) = −0.8 tanh(0.9� + 0.3).

(22)R(� ) = 1.6(coth(0.9� + 0.3))
2
+ 1 + 0.64(tanh(0.9� + 0.3))

2
.

(23)R� = −
2A−2a1

�2
−

2A−2a2 + A−1a1

�
− A−1a2 + a1A1� + (A1a2 + 2a1A2)�

2 + 2A2a2�
3.

(24)
R�� =

4A−2a
2

1

�2
+

6A−2a1a2 + A−1a
2

1

�
+ A1a

2

1
� + 2A−2a

2

2
+ A−1a1a2

+(4A2a
2

1
+ 3a1a2A1)�

2 + (10a1a2A2 + 2a2
2
A1)�

3 + 6a2
2
A2�

4.

(25)
(1) C = b�(�2 + �2)a2

1
,A1 =

−12b(�2 + �2)a1a2

a
,A2 =

−12b(�2 + �2)a2
2

a
,A0 = A−1 = A−2 = 0.

(2) C = −b�(�2 + �2)a2
1
,A0 =

−2(�2 + �2)a2
1

a
,A1 =

−12b(�2 + �2)a1a2

a
,A2 =

−12b(�2 + �2)a2
2

a
,A−1 = A−2 = 0.

(26)A0 = A−1 = A−2 = 0, C = A1 = A2 = 1, a1 = a2 = ±0.7, a1a2 = 0.5.

(27)
𝜙(𝜁 ) =

a1 Exp[a1(𝜁 + 𝜁0)]

1 − a2Exp[a1(𝜁 + 𝜁0)]
, a1 ≻ 0.

𝜙(𝜁 ) =
0.7Exp[0.7(𝜁 + 𝜁0)]

1 − 0.7Exp[0.7(𝜁 + 𝜁0)]
.

(28)R(� ) =
0.7Exp[0.7(� + �0)]

1 − 0.7Exp[0.7(� + �0)]
+

(

0.7Exp[0.7(� + �0)]

1 − 0.7Exp[0.7(� + �0)]

)2

.
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When we put M = 2 in the above equation we get

Hence

Via introducing the relations (30)–(34) into Eq. (2), collecting the coefficients of dif-
ferent powers of �i and equating them to zero, this lead to a system of equations that 
have the following results

Now, we will derive the solutions of the first two results.

(1)	 The first result that can be simplified to become

The solution according to the suggested method is R(� ) = 2 + 2�2, � can be obtained 
from the relation ��2 = ��2 + ��4 to be

Hence the solution is:

(29)R(� ) =

M
∑

i=0

bi �
i(� ), ��2 = ��2 + ��3 + ��4

(30)R(� ) = b0 + b1� + b2�
2.

(31)R� = b1�
� + 2b2��

�.

(32)R�� = b1�
�� + 2b2�

�2 + 2b2��
��.

(33)��2 = ��2 + ��3 + ��4.

(34)��� = �� + 1.5��2 + 2��3.

(35)

(1) � =
C(0.3 − 0.5�2)

b�(�2 + �2)
, � = 0, � =

−0.1ab2

b(�2 + �2)
, b0 =

2C

a�
, b1 = 0.

(2) � =
C(1 − 2�2)

b�(�2 + �2)
, � =

0.6
√

aCb2(1 − 2�2)

b
√

�(�2 + �2)
, � =

−0.1ab2

b(�2 + �2)
, b0 =

2c

a�
, b1 =

−3.5
√

Cb2(1 − 2�2)
√

a�
.

(3) � =
C(1 − 2�2)

b�(�2 + �2)
, � =

−0.6
√

aCb2(1 − 2�2)

b
√

�(�2 + �2)
, � =

−0.1ab2

b(�2 + �2)
, b0 =

2c

a�
, b1 =

3.5
√

Cb2(1 − 2�2)
√

a�
.

(36)a = b = C = � = � = 1, b0 = 2, b1 = 0, b2 = 2, � = −0.1, � = 0, � = −0.1.

(37)R(� ) =
2e0.3i�

1 − e0.6i�
=

(cos 0.3� − cos 0.9� ) + i(sin 0.3� − sin 0.9� )

1 − cos 0.6�
.

R(� ) = 2 + 2

(

2e0.3i�

1 − e0.6i�

)2

.

(38)R(� ) = 2 + 2

(

(cos 0.3� − cos 0.9� ) + i(sin 0.3� − sin 0.9� )

1 − cos 0.6�

)2

.
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(B)	 The second result that can be simplified to become

Consequently, the solution is R(� ) = 2 + 2�2, � can be obtained from the relation 
��2 = ��2 + ��4 to be

Hence, the solution is:

4 � The mathematical analysis of the (G’/G)‑expansion method

The solution of Eq. (4) according to this method is:

where M is the balance number, the function G(� ) achieves the auxiliary equation 
G�� + �G� + �G = 0 whose solutions forms depend on the discriminate �2 − 4�.

	 (I)	 If 𝜇2 − 4𝜆 ≻ 0 the solution is:

	 (II)	 If 𝜇2 − 4𝜆 ≺ 0 the solution is:

	 (III)	 If �2 − 4� = 0 the solution is:

(39)ReR(� ) = 2 +

(

2 cos 0.6� + 2 cos 1.8� − 4 cos 1.2� )

1 − 2 cos 0.6� + cos2 0.6�

)

.

(40)ImR(� ) = 2

(

cos 0.3� sin 0.3� − sin 1.2� + sin 0.9� cos 0.9�

1 − 2 cos 0.6� + cos2 0.6�

)

.

(41)a = b = C = � = � = 1, b0 = 2, b1 = −2.5, b2 = −2, � = −0.5, � = 0.2, � = 0.1.

(42)� =
1

sin 0.3� − 0.1
.

(43)R(� ) = 2 − 2.5

(

1

sin 0.3� − 0.1

)

− 2

(

1

sin 0.3� − 0.1

)2

.

(44)R(� ) = A0 +

M
∑

k=1

Ak

[

G�

G

]k

, AM ≠ 0.

(45)
�

G�

G

�

=

√

�2 − 4�

2

⎛

⎜

⎜

⎜

⎝

l1 sinh
�√

�2−4�

2

�

� + l2 cosh
�√

�2−4�

2

�

�

l1 cosh
�√

�2−4�

2

�

� + l2 sinh
�√

�2−4�

2

�

�

⎞

⎟

⎟

⎟

⎠

−
�

2
.

(46)
�

G�

G

�

=

√

�2 − 4�

2

⎛

⎜

⎜

⎜

⎝

−l1 sin
�√

�2−4�

2

�

� + l2 cos
�√

�2−4�

2

�

�

l1 cos
�√

�2−4�

2

�

� + l2 sin
�√

�2−4�

2

�

�

⎞

⎟

⎟

⎟

⎠

−
�

2
.
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where l1, l2 are constants.

Now, for the proposed model Eq. (2) whose balance number is M = 2 the solution is:

By inserting the above two relation into the proposed Eq. (2), collecting the coefficients of 
different powers of 

(

G′

G

)i

 and equating them to zero, this lead to a system of equations that 
have the following results

For the symmetry and similarity of these results we will extract the solutions correspond-
ing to the second and third result only.

(1)	 The first result that can be simplified to become

The solution according to this result is R(� ) = A0 + A1

(

G�

G

)

+ A2

(

G�

G

)2

, where

(47)
(

G�

G

)

=

(

l2

l1 + l2�

)

−
�

2
.

(48)R(� ) = A0 + A1

(

G�

G

)

+ A2

(

G�

G

)2

.

(49)
R�� = 6A2

(

G�

G

)4

+ (2A1 + 10�A2)

(

G�

G

)3

+ (3A1� + 8A2� + 2�A2)

(

G�

G

)2

+(2A1� + A1�
2 + 6A2��)

(

G�

G

)

+ A1�� + 2A2�
2.

(50)

(1) A0 =
3C

a�
,A1 = 0,A2 =

−12b(�2 + �2)

a
,� = 0, � =

−C

4b�(�2 + �2)
.

(2) A0 =
−C

a�
,A1 = 0,A2 =

−12b(�2 + �2)

a
,� = 0, � =

C

4b�(�2 + �2)
.

(3) A0 =
−3[−4C + (�2 + �2)]

4a�
,A1 =

−6b(�2 + �2)

a
,A2 =

−12b(�2 + �2)

a
,� =

1

2
, � =

−4C + b�(�2 + �2)

16b�(�2 + �2)
.

(4) A0 =
−4C + 3b�(�2 + �2)]

4a�
,A1 =

−6b(�2 + �2)

a
,A2 =

−12b(�2 + �2)

a
,� =

1

2
, � =

4C + b�(�2 + �2)

16b�(�2 + �2)
.

(51)a = b = C = � = � = 1,A0 = −1,A1 = 0,A2 = −24,� = 0, � = 0.13.

(52)

(

G�

G

)

= 0.4i

(

− sin 0.4i� + 2 cos 0.4i�

cos 0.4i� + 2 sin 0.4i�

)

.

(

G�

G

)

=

(

2.3 sinh 0.4� cosh 0.4� + i (0.8 cosh2 0.4� − 1.4 sinh
2
0.4� )

cosh
2
0.4� + 4 sinh

2
0.4�

)

.

(53)R(� ) = −1 − 24

(

2.3 sinh 0.4� cosh 0.4� + i (0.8 cosh2 0.4� − 1.4 sinh
2
0.4� )

cosh
2
0.4� + 4 sinh

2
0.4�

)2
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(B)	 The second result that can be simplified to become

The solution for this result is R(� ) = A0 + A1

(

G�

G

)

+ A2

(

G�

G

)2

, where

5 � The PPAM

The solution of Eq. (4) according to this method is:

where W(X) can be derived from the auxiliary equation “Riccati-equation” WX − AW2 = 0, 
to be

Now, for the proposed model Eq. (2) whose balance number is M = 2 the solution is:

Consequently,

(54)

ReR(� ) = −1 +

(

15.4 cosh
4
0.4� + 47 sinh

4
0.4� − 180 sinh

2
0.4� cosh2 0.4�

cosh
4
0.4� + 16 sinh

4
0.4� + 8 sinh

2
0.4� cosh2 0.4�

)

.

(55)ImR(� ) = −

(

110.4 sinh 0.4� cosh 0.4� (0.8 cosh2 0.4� − 1.4 sinh
2
0.4� )

(

cosh
2
0.4� + 4 sinh

2
0.4�

)2

)

.

(56)a = b = C = � = � = 1, A0 = 0.5, A1 = −12, A2 = −24, � = 0.5, � = 0.2.

(

G�

G

)

=
0.4 sinh 0.4� + 0.8 cosh 0.4�

cosh 0.4� + 2 sinh 0.4�
− 0.25.

(57)

R(� ) = 1.5 −

(

4.8 sinh 0.4� + 9.6 cosh 0.4�

cosh 0.4� + 2 sinh 0.4�
− 3

)

− 24

(

0.4 sinh 0.4� + 0.8 cosh 0.4�

cosh 0.4� + 2 sinh 0.4�
− 0.25

)2

(58)

{

R(� ) = A0 + A1W(X) e−M� , X = S(� ) .

R(� ) = A0 + A1W(X) e−M� + A2W
2(X) e−2M� , X = S(� ) .

(59)W(X) =
1

AX + X0

, X = S(� ) = D −
e−N�

N
.

R(� ) = A0 + A1We−M� + A2W
2 e−2M� .

(60)R� = −Ne�W − (A + 2N)e−2N�W2 − 2Ae−3N�W3

(61)
R�� = −6A2e−4N�W4 + (2A2 + 10AN)e−3N�W3 + (3AN + 2N2)e−2N�W2 + N2e−N�W
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Now, inserting the relation (60)–(61) into the proposed Eq. (2), collecting the coefficients 
of different powers of Wie−iN� and equating them to zero, this lead to a system of equations 
that have the following results

For symmetry and similarity of these results we will extract the solution corresponding 
to the first result that can be simplified to be

Thus the solution is

Similarly, we can derive the soliton behaviors of the other results.

6 � Conclusion

Through our current article, four new types of group’s for the optical soliton solution to 
the three dimension Zakharov–Kuznetsov equation have been documented via four dis-
tinct and impressive techniques. The first group of solutions that are demonstrated by using 
the ESEM which are periodic trigonometric solutions and hyperbolic solutions Figs. 1, 2, 
and 3, the second group of solutions that are established by using the EDAM which are 
the periodic M-shaped solutions, periodic W-like shaped solutions and periodic parabolic 
solutions Figs. 4, 5 and 6, the third group of solutions that are demonstrated by using the 
(G’/G)-method which are the new rational solutions Figs. 7, 8 and 9 and the fourth group 
of solutions that established by using the PPAM which are the periodic trigonometric 

(62)

(1) � = −i �

�

17

23
,A =

−i

�

23a

6

2�
√

b
,N =

−i

�

23a

6

10�
√

b
.

(2) � = i �

�

17

23
,A =

−i

�

23a

6

2�
√

b
,N =

−i

�

23a

6

10�
√

b
.

(3) � = −i �

�

17

23
,A =

i

�

23a

6

2�
√

b
,N =

i

�

23a

6

10�
√

b
.

(4) � = i �

�

17

23
,A =

i

�

23a

6

2�
√

b
,N =

i

�

23a

6

10�
√

b
.

(63)� = −0.9i , a = b = D = X0 = � = 1 , A = −i, N = 0.2i.

(64)R(� ) =
e0.2i�

i(1 +
e0.2�

0.2i
) + 1

.

(65)ReR(� ) =
0.04 cos 0.2� + 0.2 cos 0.4� − 0.04 sin 0.2�

1.08 + 0.4 cos 0.2� + 0.4 sin 0.2�
.

(66)ImR(� ) =
−0.04 cos 0.2� − 0.04 sin 0.2� − 0.2 sin 0.4�

1.08 + 0.4 cos 0.2� + 0.4 sin 0.2�
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solutions Figs. 10 and 11. Many new behaviors of the soliton solutions as M-shape, W-like 
shape, periodic trigonometric function shape, parabolic function shape and other rational 
form solutions have been predicted. Most of the achieved optical solutions through these 
four schemas are new with respect to that achieved before by Yu et al. (2016), Zhou (2016), 
Seadawy (2016a), Park et  al. (2020a). Furthermore, the obtained results will add new 
coming visions for all dependent phenomena. The achieved results showed that the used 

Fig. 1   The 2D and 3D designs of the lump solution Eq.  (19) with values: 
C = −4,A0 = A−2 = 1, a2

0
= a

2

2
= 0.5, a = −12,C = −4,A1 = A−1 = A2 = 0

Fig. 2   The 2D and 3D designs of the lump solution Eq.  (19) Eq.  (22) with values: 
C = −24, a = b = A−2 = A0 = A2 = 1,A1 = A−1 = 0, a0 = 0.7, a2 = −1.1, �1 = −1, �0 = 2

Fig. 3   The 2D and 3D designs of the lump solution Eq.  (28) with values: 
A0 = A−1 = A−2 = 0, a = b = C = A1 = A2 = 1, a1 = 0.7, a2 = 0.7, a1a2 = 0.5
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Fig. 4   The 2D and 3D soliton behaviors to the Re Part Eq.  (39) with values: 
a = b = C = � = � = 1, b0 = 2, b1 = 0, b2 = 2, � = −0.1, � = 0, � = −0.1

Fig. 5   The 2D and 3D soliton behaviors to the Im. Part Eq.  (40) with values: 
a = b = C = � = � = 1, b0 = 2, b1 = 0, b2 = 2, � = −0.1, � = 0, � = −0.1

Fig. 6   The 2D and 3D soliton behaviors to Eq.  (43) with values: 
a = b = C = � = � = 1, b0 = 2, b1 = −2.5, b2 = −2, � = −0.5, � = 0.2, � = 0.1
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Fig. 7   The 2D and 3D soliton behaviors to the Re Part Eq.  (54) when: 
a = b = C = � = � = 1,A0 = −1,A1 = 0,A2 = −24,� = 0, � = 0.13, l1 = 1, l2 = 2

Fig. 8   The 2D and 3D soliton behaviors to the Im. Part Eq.  (55) when: 
a = b = C = � = � = 1,A0 = −1,A1 = 0,A2 = −24,� = 0, � = 0.13, l1 = 1, l2 = 2

Fig. 9   The 2D and 3D soliton behaviors to Eq.  (57) when: 
a = b = C = � = � = 1,A0 = 0.5,A1 = −12,A2 = −24,� = 0.5, � = 0.2, l1 = 1, l2 = 2
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rational schemes are straightforward, effectual and is a more potent tool. By contrasting our 
findings with those of other studies that have been published and address such problems or 
subjects, the realizing of our research was demonstrated.
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Fig. 10   The 2D and 3D soliton behaviors to the Re. Part Eq.  (65) when: 
� = −0.9i ,C = a = b = D = X0 = � = 1 ,A = −i,N = 0.2i

Fig. 11   The 2D and 3D soliton behaviors to the Im. Part Eq.  (66) when: 
� = −0.9i ,C = a = b = D = X0 = � = 1 ,A = −i,N = 0.2i
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